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Introduction 

The Human Fertility Database is a joint project of the Max Planck Institute for Demographic 

Research (MPIDR) and the Vienna Institute of Demography (VID), based at MPIDR. The database 

aims at filling in the gaps in fertility data availability and comparability. The main goal of the 

database is to document changes and inter-country differences in fertility in the past and in the 

modern era. We seek to provide free and user-friendly access to detailed and high-quality data on 

period and cohort fertility to the international research community and other interested users. 

Following the example of the Human Mortality Database (HMD, www.mortality.org and 

www.humanmortality.de), our guiding principles are comparability, flexibility, accessibility, and 

reproducibility. When complete, the database will contain original data for around 35-40 countries 

or areas, as well as all input data used in constructing fertility tables.1   

The HFD is based on one and the same type of initial data: the original, officially registered, 

live birth counts by calendar year, age of the mother (and/or mother’s year of birth, i.e. birth cohort) 

and, whenever possible, biological birth order. These data, together with the exposure population 

estimates generated using data on population size and deaths (mostly) from the HMD, selected 

population censuses and register data, are used for further computations with a uniform set of 

methods. More detailed information – for example, about sources of raw data2, specific adjustments 

to raw data, and comments about data quality – are provided separately in the documentation for 

each country, region, or population. The major HFD output includes detailed age-specific fertility 

rates, total fertility rates and mean ages at birth for all birth orders combined, and—whenever 

available—by birth order, cohort and period fertility tables as well as selected aggregate indicators 

from these tables.  

                                                 
1 The Human Fertility Database works with the official data provided or published by national statistical agencies. The 
HFD methodology is based on the assumption that the input data are restricted to countries and years, for which data 
cover the entire population and for which the registration of demographic events is complete or nearly complete. We 
have not established precise criteria for the inclusion, since we are still learning about the statistical systems of many 
countries. We plan that the HFD will cover almost all countries included in the HMD and several other countries with 
high-quality data. In order to provide fertility data for countries and periods for which birth data are incomplete or do not 
come from the official sources, or do not correspond to the HFD data quality standards, we are also assembling a 
collection of data compiled by other organizations or individuals—the Human Fertility Collection (HFC).  
2 The term ‘raw data’ refers in this document to the original data files obtained from individual countries (birth counts, 
population exposure data, parity distribution data from population registers and censuses) that were not yet modified or 
standardized for the purpose of the HFD.  
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This document first describes general principles that are used in constructing and presenting 

the database. Next, it outlines data processing within the HFD and provides an overview of the steps 

followed for converting raw data into fertility rates and fertility tables. The remaining sections 

contain detailed descriptions of all calculations that are performed in the HFD. 

 

1. General principles 

Notation and principles that are used in this document and in the HFD are mostly consistent 

with the HMD and with conventional demographic literature. 

1.1 Time, age and cohort 

Time, age and birth cohort can be considered as either discrete or continuous variables. Time 

t is measured in calendar years. When saying that a demographic event (e.g. birth) occurs in 

calendar year t (or simply in year t), we mean that the event takes place at some exact time during 

the time interval [t, t+1)3. At any given time, the length of time that has passed since the individual’s 

birth is the individual’s age. An individual “of age x” (or “aged x”) has the exact age within the 

interval [x, x+1). Age defined this way is termed simply “age,” “age at last birthday,” or “age in 

completed years” (ACY).  

It should always be possible to distinguish between discrete and continuous notions of time 

and age by usage and context. For example, a population aged x at time t refers to all individuals 

with their ages being in the interval [x, x+1) at the exact time t, for instance, on January 1st of year t. 

The population exposure-to-risk at age x in year t refers to the total amount of person-years lived in 

the age interval [x, x+1) in year t.   

During a calendar year, the age of each individual increases. A woman aged x-1 at the 

beginning of the year is aged x-1 between the beginning of the year and her birthday and is aged x 

between her birthday and the end of the year. In this regard, age x is the age reached during the year 

(ARDY). In this document, referring to simply “age x” or to “age in completed years “x (ACY)” 

always means the age at last birthday. Age x reached during the year is denoted “x (ARDY)”.  

                                                 
3 Interval [a,b). The brackets designate the interval containing values k, such that a ≤ k < b. Squared bracket, [, denotes 
closed interval that includes its limit point (in this case a), whereas round bracket denotes open interval that excludes its 
endpoint.    
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Birth cohort c (or simply cohort c), is a set of individuals born during calendar year c. 

Individuals aged x in year t belong to two consecutive cohorts, t-x and t-x-1. Individuals reaching 

age x during year t (ARDY) all belong to one cohort, t-x.     

1.2 Birth event, birth order and parity of a woman 

Birth is a repeatable demographic event since women can give birth to one, two or more 

children. Unlike death or out-migration, birth does not cause withdrawal of mothers from the 

population under study, i.e., women of reproductive age. Therefore, the collection of retrospective 

information about the total number of live births ever born to women from different cohorts or age 

categories provides particularly useful information. The number of children ever born alive to a 

woman is referred to as parity and is expressed in integer values beginning from 0.4  

 Births can also be distinguished by order of their occurrence (e.g., first, second, third, etc.) to 

a woman. The contemporary fertility analysis focuses mainly on true (biological) birth order, 

counting all live-born children born to a woman, irrespective of her past or current marital status.5 

Order-specific births are non-repeatable events. A woman of parity 0 can give the first birth only 

once. A woman of parity 1 can give the second birth only once, etc. With respect to parity-specific 

populations, order-specific births are exclusive demographic events: births of order i that occur to 

women of parity i-1 lead to their transition to the next parity category i. 6    

 In most countries, statistical systems report numbers of live births that do not include 

stillbirths. The majority of countries also collect data on births by biological (or true) birth order. In 

some countries, however, information is still collected only about birth order within marriage or 

within current marriage. 

In the HFD, whenever order-specific birth counts are available, the birth order is specified 

for categories 1 to 5+. Correspondingly, the parity of a woman is distinguished from 0 to 4+.  

                                                 
4 Following conventional practice, the term ‘birth order’ refers to birth order of the child, whereas the term ‘parity’ 
refers to the number of children a woman has at the time of observation.  
5 In the past, when marriage was assumed to be the only ‘legitimate’ status for childbearing, marital birth order was a 
cornerstone of fertility analysis and for birth-order statistics provided by many statistical agencies. The de-coupling of 
marriage and childbearing in the last decades, with many countries registering 50% or more births outside marriage, 
renders data on marital birth order useless for reconstructing women’s fertility histories. Therefore, the HFD collects 
only data for biological birth order, although many statistical agencies still publish data for birth order within marriage. 
6 Multiple births potentially complicate the definition of parity of a woman and birth order of children. Conventionally, 
most statistical agencies count children born in multiple deliveries as children with separate birth order. For instance, a 
woman at parity 1 who gives birth to twins makes an instant transition to parity 3 and her twin births are assigned birth 
orders 2 and 3 (usually, only live-born children are counted). 
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1.3 Lexis diagram 

The Lexis diagram is a device for depicting the stock and flow of a population and the 

occurrence of demographic events over age and time. The Lexis diagram is useful for describing 

both the format of raw data and various computational procedures. Figure 1.1 shows a small section 

of a Lexis diagram that has been divided into 1x1 square cells (i.e., one year of age by one year of 

time). Each 45-degree line represents individual life trajectories, which may end in death, denoted 

by a cross (x, line e), out-migration, denoted by a square (line b), or moving to a higher parity by 

giving birth denoted by a solid circle (line c). An individual may also migrate into the population, 

denoted by an open circle (lines d and g). Other life-lines indicate that respective individuals pass 

through the section of the Lexis diagram under consideration without experiencing any event (lines 

a and f).  
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Figure 1.1. Example of a Lexis Diagram with life trajectories and demographic events 
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There are four conventional data configurations (ways to classify data) as they appear on the 

Lexis diagram: horizontal parallelogram, vertical parallelogram, square (or rectangle), and triangle 

(see Caselli and Vallin (2006) for more detailed explanation). 

Horizontal parallelogram (F1) groups together events occurring during two consecutive 

years t and t + 1 within one birth cohort t – x at age x. In this Lexis shape, events are classified by 

age in completed years (ACY) and year of birth (birth cohort).  

x +1

x

t t+1 t+2  
F1: horizontal parallelogram (extending over two calendar years on the t-axis) 

 
Vertical parallelogram (F2) groups together events occurring during the year t to members 

of the cohort t – x at ages x – 1 and x. In this Lexis shape, events are defined by calendar year and 

year of birth (cohort) or age reached during the year (ARDY).  

x

x +1

x -1
t t+1   

F2: vertical parallelogram (extending over two years of age on the  x-axis) 

 
Square or rectangle (F3) groups together events occurring during the year t to members of 

two birth cohorts t – x and t – x – 1, who have the same age x. In this Lexis shape, events are 

classified by age in completed years (ACY) and calendar year.  

t+1t

x

x +1

 
F3: square (or rectangle) 

 
Lexis triangles are the basic Lexis elements that allow the reconstruction of any of the three 

Lexis shapes described above. In Lexis triangles, events are classified by all three possible 

dimensions: calendar year, age and year of birth (birth cohort). There are two types of triangles on 
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the Lexis diagram: the lower Lexis triangle and the upper Lexis triangle. The Lower Lexis triangle 

(F4) contains events such as births or deaths that take place in the year t to the birth cohort t – x at 

age x. The Upper Lexis triangle (F5) contains events that occur in the year t to the birth cohort t – x 

–1 at age x.  

x+1

x

t t+1  

x+1

x

t t+1  
F4: Lower Lexis triangle F5: Upper Lexis triangle 

If births are classified by Lexis triangles, births in squares and in the two types of 

parallelogram shapes can be obviously obtained by summing up the corresponding triangles. 

1.4 Standard configurations of age, time and cohort 

On each HFD country page, detailed data on births, population exposures, fertility rates as 

well as fertility tables are presented in the data blocks “Birth counts, population exposures, rates, 

and summary indicators” and “Fertility tables and summary indicators”. These data are classified by 

single calendar years, single years of age, and single-year birth cohorts. Age ranges from age ≤12 to 

age 55+.  

Birth data are presented by three types of arrays, with data configurations corresponding to 

the three Lexis shapes: Lexis squares, horizontal parallelograms, and vertical parallelograms (see 

above). The database also features female population counts (exposures) by Lexis triangles, making 

it possible for an advanced user to compute fertility rates and other fertility indicators in any 

configuration desired. 

For a given calendar year, unconditional7 (in Lexis squares as well as vertical 

parallelograms) and conditional (in Lexis squares) period age-specific fertility rates are computed 

for every single age from ≤12 to 55+. Summary indicators of period fertility are computed over the 

whole range of age-specific rates (using data by Lexis squares). Total Fertility Rates and mean ages 

at birth by age 40 are provided additionally. Period fertility tables specified by age and parity are 

based on the age-parity distribution of the female population obtained by reconstructing fertility of 

cohorts over their reproductive age spans. These period tables and the resulting indicators are 
                                                 
7  See Section 3 below for definitions of the unconditional and conditional fertility rates. 
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computed when the parity distribution covers ages from ≤12 to 44 or more; the highest age category 

is determined by data availability and can range from 44 to 55+. The age range ≤12 to 55+ is 

displayed when parity distribution data are available for women of all reproductive ages. Period 

fertility tables built using a “golden” census8 as well as census- or register based fertility tables are 

also calculated over this entire range of ages (see Section 3).  

For cohort fertility measures, age ranges are varying depending on the indicator and the 

length of observation. Cohort age-specific fertility rates (horizontal Lexis parallelograms) are 

computed for all of the observed single ages for which data are available. For the youngest and the 

oldest cohorts included, only one open ended age is observed: age ≤12 for the youngest and age 55+ 

for the oldest one. More ages are observed for all intermediate cohorts. If the duration of the 

observation period is sufficiently long, fertility rates for many cohorts cover their entire reproductive 

age range. 

Cohort cumulative fertility rates are computed from age 15 or younger9 and until the last 

observed age, up to age 55+. Cohort (completed) Total Fertility Rates and mean ages at birth are 

computed over the range of ages from 15 or younger through age 50 or older. Because many cohorts 

approaching the end of their reproductive span have practically completed their fertility histories, 

the HFD also displays cohort total fertility rates and mean ages at childbearing achieved by age 40; 

these indicators should serve researchers for estimating or projecting completed fertility rates of 

those cohorts. Cohort life tables are built for ages varying from age 15 or younger age to at least age 

25 or older age (up to the maximum age 55+), depending on the age of the cohort in the latest year 

for which birth data are available in the HFD.   

On each country page the original input data (raw data organized in a uniform format) used 

in further calculations are shown in the data block named “Input data”.  

                                                 
8 The standard method to obtain the age-parity distribution of women, necessary for the computation of period fertility 
tables, is the reconstruction of lifetime fertility of cohorts from the time series of fertility rates by age and birth order. In 
some cases, however, especially when the age- and order-specific birth data are available for a short period only, the 
age-parity distribution from a population census or register can be used to build left-censored cohort fertility histories. 
This method enables to extend the time series of data on the period age-parity distribution of women and thus of the 
period fertility tables. The population census or register used for this purpose is called the “golden” census. The use of 
the “golden” census is described in more detail in Section 3.3 (see Figure 3.5) and Section 8.1.2. 
9 Depending on data availability, the starting age is between 12 and 15. Births below age 12 are extremely rare and are 
grouped together with births at age 12. 
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1.5 Period and cohort dimensions 

In contemporary industrialized countries, birth is mostly a result of rational choice. Women 

and couples often plan future childbearing or postpone births until there are more favorable 

conditions (Kohler et al. 2002, Sobotka 2004, Frejka and Sardon 2006). Such changes in the timing 

of period fertility may strongly affect period fertility indicators, which consequently become poor 

predictors of final family size among particular cohorts of women. The fact that the usually used 

period fertility rates are frequently ‘distorted’ by shifts in fertility timing (‘tempo effects’) 

underlines both the need to include in the HFD a broad array of cohort fertility indicators. 

One should bear in mind that cohort data and indicators of fertility displayed in the HFD, 

including completed cohort total fertility rate and parity distributions, are based on statistical models 

that may not fully correspond with fertility behavior of real birth cohorts. In particular, the method 

of reconstructing cohort fertility history by cumulating fertility rates of given cohorts over long 

periods of time is based on a rather strong assumption that migration and mortality are not selective 

with respect to fertility, i.e., those who die or migrate have at any reproductive age identical parity 

distribution and completed fertility as those who survive and stay in a country. This assumption is 

relatively ‘harmless’ in the case of mortality, which is very low at reproductive ages for women in 

most of the developed countries, but it is more problematic in the case of migration. Many 

developed countries have experienced large immigration in the last decades and female migrants 

tend to have different parity distribution and fertility behavior than the ‘native women’, violating 

thus the statistical assumption of ‘no effect of migration’ on fertility. Also permanent or temporary 

out-migration of younger women, e.g., for work-related and family-related reasons, which have 

become quite common across Central and Eastern Europe, may violate model assumptions behind 

the estimation of cohort fertility rates. Therefore, cohort data in the HFD should be understood as 

statistical approximations of ‘real’ cohort behavior computed for a set of people who lived their 

lives according to the observed cohort rates in a country, which themselves are subject to effects 

from in- and out-migration. Consequently, the HFD may occasionally feature implausible estimates 

of cohort parity distribution, and especially of childlessness, for some cohorts in the countries with 

intensive migration. When possible, the country documentation file and specific notes will warn the 

user about such data. 
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1.6 Adjustments to raw data 

The HFD aims at providing opportunities for comparative studies on fertility in different 

countries and time periods. In this regard, consistency across the whole data universe is an important 

priority. Desire for uniformity is hindered by significant variability in data formats and lack of 

sufficient detail in the raw data. The raw data on births are often classified only by calendar year and 

age of the mother (any of both categories of age, age in completed years or age reached during the 

year, may be shown) or by calendar year and birth cohort of mother. For some countries and 

calendar years, birth data are available by five-year age intervals only. They may show broader or 

narrower ranges of available ages, they may include births with unknown age of the mother or 

unknown birth order, or they may show total births instead of live births.  

The HFD methodology includes procedures for the transformation of any set of raw data into 

data classified by single years of age ranging from age ≤12 to 55+, by single-year birth cohorts, and 

(whenever possible) by birth orders varying from 1 to 5+. Births with unknown age of the mother 

are distributed proportionally according to the birth data where age of the mother is specified. 

Within each age, births with unknown birth order are distributed proportionally across known birth 

orders. Aggregated age groups are additionally split into single-year ages by means of spline 

interpolation. Birth orders higher than five are combined into birth order 5+. Within each age, births 

are additionally split by year of birth of the mother (if such information is not present in input data).  

It is important to understand that data classified in the most detailed way and provided on the 

HFD country pages are in many cases obtained from less detailed raw data. Before being displayed 

on the HFD country pages, the raw data are adjusted and additionally split into finer cells by 

methods specified in Section 4. Although there are some obvious advantages in maintaining a 

uniform format in the presentation of fertility rates and fertility tables, it is important not to interpret 

these somewhat artificial data literally. The users are also alerted by the HFD displaying estimated 

birth counts with a precision of two decimal places. In all cases, the user must take responsibility for 

understanding the sources and limitations of all data provided in the HFD, which are documented in 

detail in the country “Background and Documentation” files and in specific explanatory notes in the 

input data files. 
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1.7 Input and output data files and formats 

On each HFD country page, output data resulting from calculations using the HFD 

methodology are placed in two data blocks named “Birth counts, population exposures, rates, and 

summary indicators” and “Fertility tables and table summary indicators”. These data are given in 

easily readable ASCII formats. More detailed information about specific parts of the output data can 

be found in the next section of this document and also in the Explanatory Notes. 

Input data used for the computation are provided in the third block, “Input data”. Note that 

although the input data are presented in standardized format with the same set of dimensions for 

each country, there is significant inter-country variability in data formats with respect to available 

age ranges, open-ended age intervals, Lexis shapes, specification of data for unknown ages and birth 

orders, etc. (for more detail, see the next section of this document and Explanatory Notes and Data 

Formats documents). The input data are provided in comma-delimited format—where each data 

record (column) is separated by a comma—readable in Excel and statistical packages.   

2. Data processing in the HFD 

2.1 Data flows and data transformations 

Figure 2.1 illustrates stages of data processing in the HFD as well as the major types of data 

involved. The raw data on births as well as all relevant documents and exchanges are stored in 

original formats in the Data Archive. These data are then transformed to a standard format and 

placed in the Input Database. For each country, this database includes four data files: births by 

month, live births by age of the mother and/or mother’s year of birth and (whenever available) birth 

order, exposure estimates of female population by age, and, when available, age and parity-

distributions of women from censuses, population registers or large-scale surveys; these files are 

posted in the data block “Input Data” on the HFD country pages. 

 The input data files are further adjusted and refined to obtain for each country annual 

estimates of births and population exposures by Lexis triangles (calendar year-age-cohort 

configuration). For countries and years for which census- or register-based data on the distribution 

of female population by age and parity are available, age- and parity-specific population weights are 

derived. The whole universe of these detailed estimates across all available years and countries 

constitutes the Lexis Database. 
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Figure 2.1. Scheme of the HFD data processing. 

 

The Lexis Database already provides some parts of the HFD Output, namely, birth and 

population exposure estimates by Lexis triangles. From these data, births by Lexis squares, vertical 

and horizontal parallelograms are computed. Other calculated outputs include unconditional period 

and cohort age-specific fertility rates, cohort and period cumulative fertility rates, total fertility rates 

and mean ages at birth (the last two indicators are computed for the whole range of reproductive 

years and by age 40). If birth order-specific fertility data are available, cohort parity progression 
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ratios as well as cohort fertility tables are computed. The Output Database includes also period 

fertility tables and census- or register-based period fertility tables. 

Finally, for each country, all the files of the Output Database are displayed on the HFD 

website.  

 

2.2 Raw data. Data archive 

The Data Archive, which is not accessible for the HFD users, stores raw data files and all 

accompanying documents, supplied by the data providers (i.e., by the country experts, statistical 

offices, and research institutions). A large part of the data is obtained or purchased directly from 

statistical offices. Raw data arrive in a variety of formats (Excel or text data files, scanned or paper 

copies of official yearbooks and other statistical publications).  

Our standard data request to a country data provider asks for as long time series as possible 

of the following types of data: 

− Live births by calendar year, age of the mother, and mother’s year of birth.  

− Live births by calendar year, age of the mother, mother’s year of birth, and birth order. 

− Distribution of women by age and/or year of birth, and number of biological children ever 

born. This information usually comes from population registers, population censuses or 

large-scale surveys representative of the entire population. 

− Live or, if not available, total births by calendar month.  

− Female population by age as of the 1st of January and death counts by age at the most 

detailed level available. These data are requested only from countries that are not present in 

the Human Mortality Database.  

2.3 Input data 

All input data used for the computation of output fertility indicators are provided on country 

pages. These data include originally collected country raw data that are converted into a 

standardized format (described in the Data Formats). For every country included in the HFD, there 

are four files, containing data on:  

− Births by calendar year, age of the mother, (whenever available) mother’s year of birth, and 

(if available) birth order; 
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− Age-parity specific distribution of female population (whenever available: from population 

census, population register or large-scale surveys); 

− Births by calendar year and month; 

− Female population sizes and death counts by calendar year and age (for countries and 

periods not available in the HMD). 

Additionally to the data files, the Input Database includes two documents in PDF format. The first 

one contains Notes to specific points or parts of the input data. The second one contains References 

to sources of the input data. 

2.4 Lexis data 

The HFD methodology allows transforming the input data that vary in many respects across 

countries and time into uniform Lexis data. In these data, births and population exposures are 

classified by Lexis triangles (by calendar year-age-birth cohort cells). Categories of age, birth order 

and parity are predefined as follows: Age varies from age 12 and younger to age 55+. Birth order 

varies from 1 to 5+. Parity varies from 0 to 4+. Births are classified by Lexis triangles. Age-parity 

distributions of women are given by one year age groups as of the 1st of January. 

The Lexis data are of paramount importance since they form the basis for all further 

calculations.  

2.5 Output data 

 On the HFD country pages, the output data are displayed in two blocks: “Birth counts, 

population exposures, rates, and summary indicators” and “Fertility tables and table summary 

indicators”. The second block is presented only if parity-specific data are available.  

 

The first block includes the following data: 

− Live birth counts for all birth orders combined and (whenever possible) by birth order 

by all Lexis shapes (Lexis triangles, squares, vertical and horizontal parallelograms; 

see Section 1 for the description of Lexis elements).  

− Female population exposures by all types of Lexis shapes (Lexis triangles, squares, 

vertical and horizontal parallelograms).  



Methods Protocol for the HFD 

 16 

− Unconditional age-specific fertility rates for all birth orders combined and (whenever 

possible) by birth order (by Lexis squares, vertical and horizontal parallelograms).  

− Summary indicators of period and cohort fertility, calculated on the basis of fertility 

rates by age and (whenever possible) by birth order (by Lexis squares and horizontal 

parallelograms). These indicators include the total fertility rates, the total fertility 

rates by age 40, the mean ages of mother at birth, the mean ages of mother at birth by 

age 40, cumulative fertility rates, and parity progression ratios (for birth cohorts 

only). 

 

The second block includes the following data: 

− Cohort fertility tables, specific for age and parity.  

− Period fertility tables, specific for age and parity.  

− Census- or register-based fertility tables (age and parity dimensions).  

− Female population exposures by age and parity from the period fertility tables and/or 

from census- or register-based period fertility tables.  

− Conditional period fertility rates, controlling for age and parity. These data are 

extracted from period fertility tables and/or census- or register-based fertility tables 

featured in this block.  

− Period table summary indicators, which include the table mean age at birth and the 

summary indices of period fertility controlling for age and parity (PATFR). 

Period data are indexed by calendar year, whereas cohort data (if available) are indexed by 

year of birth. 

3. Overview of the computations 

 This section is a summary of the HFD methodology for obtaining the output data from the 

Lexis data on births and population exposures and from census or population register data on parity 

distributions of women. Detailed descriptions of the computations are provided in the following 

sections of this document. First we provide a brief description of how various calculations are being 

made. Then we show examples of Lexis diagrams to locate birth and population data used in 

different kinds of calculations in the year-age-cohort coordinates.  
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3.1 Sequence of computations 

The HFD process for computing output indicators of fertility from input data on births and 

population can be briefly described as a sequence of six steps:  

1. Births. The HFD collects detailed annual data on live births over the longest possible 

time periods. Ideally, birth count data are classified by single years of age and year of 

birth (cohort) of the mother and by birth order of the child (biological birth order). In 

many cases, however, input birth counts are less detailed (see also Section 2 above). In 

many countries information about the birth cohort of mothers is not available. In some 

cases the age of the mother is available by five-year age groups rather than one-year age 

groups; especially for the period before 1960. To achieve a uniformity of the data format 

with respect to age and birth order, additional splits and adjustments are being 

performed for the HFD. For many countries or time periods, birth data by birth order are 

not available. In such cases, order-specific fertility rates and order-specific mean ages at 

birth as well as cohort and period fertility tables can not be obtained and are not featured 

in the HFD. 

2. Population denominators. Two types of data on female populations are used. The first 

type of population data specifies population exposure by age, needed for the 

computation of unconditional fertility rates. For most countries, the female population 

exposure is estimated using data on population size and deaths from the HMD. For 

countries that are not included in the HMD, these types of data are collected together 

with the data on births. The second type of population data contains counts of women by 

age and parity, needed for the computation of conditional fertility rates, which serve as 

the major input for period fertility tables. These data are usually available from 

population censuses or registers and, in rare cases, from large-scale population surveys. 

3. Fertility rates. Fertility rates are ratios of birth counts to corresponding population 

exposures. Unconditional age-specific fertility rates relate births specified by age of the 

mother and birth order of the child (when available) to all women of a given age. 

Conditional age- and order-specific fertility rates measure childbearing intensity among 

women of specific age and parity (e.g., second births are related to women of parity one 

only). Cohort fertility rates are computed for every combination of cohort and age 

observed in the available data. Period fertility rates are computed for every combination 
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of calendar year and age observed in the available data. Furthermore, the HFD provides 

population exposures and births counts by Lexis triangles, making it possible for an 

advanced user to compute fertility rates and fertility tables in any configuration desired. 

4. Cumulative and total fertility rates and mean ages at birth. These summary 

measures are based on fertility rates by age and (when possible) by birth order. The 

period Total Fertility Rate (TFR) is computed as a sum of age-specific fertility rates for 

certain  calendar year across all ages from ≤12 to 55+. The cohort TFR is computed as a 

sum of age-specific fertility rates in a certain cohort. The HFD also displays the total 

fertility rate by age 40, based on a summation of age-specific fertility rates over all ages 

under 40. The TFR represents the mean number of children a woman would have by the 

end of her reproductive life if she experienced at each age the age-specific fertility rates 

observed in a given year. It is a hypothetical (synthetic) indicator, which can also be 

specified by birth order. The cohort TFR shows the average number of children (or 

children of specific birth order) born by women belonging to certain cohort during their 

whole reproductive life. Cumulative fertility rates are based on a summation up to the 

indicated age limit, shown for each single age category. Mean age at birth and mean age 

at birth by age 40 are computed from the schedule of age-specific fertility rates. They 

show average ages at birth weighted by age-specific fertility rates over the entire range 

of reproductive ages or over reproductive ages under age 40, respectively. All the 

summary measures are computed for all birth orders combined and for specific birth 

orders by calendar year as well as by birth cohort.   

5. Cohort fertility tables by age and parity. These are increment-decrement life tables, 

which model the process of childbearing in female cohorts by age and parity. In 

principle, they describe a two-dimensional cohort progression toward older age and 

higher parities. Women of the cohort of interest are moving from parity zero (i.e., from 

being childless) to parity one, from parity one to parity two, and to subsequent parities. 

For each cohort, the life table functions are computed from the schedule of age- and 

parity-specific fertility rates as major input data. The distribution of births by age of the 

mother and birth order in the table and the parity distribution of the table population of 

females correspond to the observed fertility trajectories of cohorts analyzed.  



Methods Protocol for the HFD 

 19 

6. Period fertility tables by age and parity. Many functions in these tables are identical 

to those in cohort fertility tables and their construction is based on comparable formulas. 

The period fertility tables describe the fertility progression in a ‘synthetic cohort’ of 

women on the basis of conditional age- and parity-specific fertility rates observed 

during one calendar year. In other words, the tables give a period snapshot of fertility of 

many female birth cohorts and do not correspond to the childbearing history of any real 

cohort. The key input in period tables is the age- and parity-specific distribution of the 

female population of reproductive age (exposure population, see “Population 

denominators” above). These distributions are obtained from cohort fertility tables, 

“golden” censuses that provide the initial parity distribution in one base year or directly 

from population censuses or registers. In the latter case, the fertility tables are census or 

register-based. The main output of the period fertility table is the summary index of 

period fertility controlling for age and parity, PATFR, and its order-specific 

components.  

3.2 Lexis regions for unconditional period and cohort fertility rates 

Assume that for a given country the Lexis database is already estimated and the calendar 

year-, age- and cohort-specific births and population exposures are available. Consider a rectangular 

region of such data that lasts from the 1st of January of the year t0 to the 1st of January of the year 

T+1 (horizontal axis) and extends over the standard range of ages from ≤12 to 55+ (vertical axis). 

With this array, the unconditional period age-specific fertility rates are being computed for all Lexis 

squares (age-year cells) within the entire region covering all observed years from t0 to T and all 

observed ages from ≤12 to age 55+ (colored area in Figure 3.1). As indicated earlier, births and 

population exposures in each Lexis square can be obtained by summing up the two elementary 

triangles building up the square. 
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Figure 3.1. Lexis region for unconditional period fertility rates by Lexis squares (year-

age cells), cumulative period fertility rates, period total fertility rates, and period mean 

ages at birth 

From the age-specific fertility rates, summary indicators of fertility such as total fertility 

rates and mean ages at birth are computed for every year from t0 to T.    

For fertility analysis that looks simultaneously at period and cohort patterns of fertility it is 

useful to have fertility rates by vertical parallelograms (by year-birth cohort cells). Using the same 

range of initial data on births and population exposures, these rates are being computed within the 

region covering horizontally years from t0 to T and covering vertically ages (ARDY) across the 

entire range from ≤12 to 55+ (Figure 3.2). While in the first year t0 fertility rates cover cohorts from 

t0-55 to t0-12, in the last year T the cohorts from T-55 to T-12 are covered.  
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Figure 3.2. Lexis region for unconditional fertility rates by vertical parallelograms 

(year-cohort cells)  

 

With the same region of Lexis data on births and population exposures, the cohort fertility 

rates by horizontal parallelograms (cohort-age cells) are computed for each cohort for which at 

least one data cell is available. Figure 3.3 makes it clear that the oldest observable cohort is the one 

born in the year t0-55 and the youngest one is the one born in the year T-13.  

The cohort cumulative fertility rates are computed for cohorts that are observed from age 15 

or younger. Fulfillment of this condition corresponds to the Lexis region A+B+C+D+E in Figure 

3.3. The cohort total fertility rates and the cohort mean ages at birth are computed only for the 

cohorts that are observed from age 15 or younger until age 40 or older. In Figure 3.3, corresponding 

cohorts belong to the Lexis regions B+C and C+D, respectively. The number of cohorts for which 

the two summary indicators can be computed is equal to (T-40)-(t0-15)+1. This obviously implies 
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that a cohort analysis of completed or nearly completed childbearing requires long observation 

periods.      
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Figure 3.3. Lexis regions for unconditional cohort fertility rates by horizontal parallelograms 

(cohort-age cells), cumulative cohort fertility rates, cohort total fertility rates, and cohort 

mean ages at birth 

 

3.3 Lexis regions for cohort and period fertility tables 

The cohort fertility tables are based on the cohort unconditional fertility rates by horizontal 

parallelograms (cohort-age cells). These tables are constructed for cohorts that are observed from 

age 15 or a younger age until age 25 or an older age. Figure 3.4 shows that cohorts satisfying both 

conditions belong to the colored diagonal region10. The youngest and the oldest cohorts for which 

the cohort fertility tables can be constructed are T-25 and t0-15, respectively.  

  

                                                 
10 Note that only complete horizontal parallelograms are used in the computation of the cohort fertility tables. 
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Figure 3.4. Lexis region for the cohort fertility tables based on horizontal parallelograms 

(cohort-age cells). 

 

The period fertility tables are based on the conditional age and parity-specific fertility rates 

by Lexis squares (year-age cells). In order to compute these rates, female parity-specific population 

exposures must be estimated (see Sections 3.1 and 5).  

We assume that age 45 is an age by which fertility of cohorts is nearly completed and 

women’s parities are very close to their final values – therefore, period fertility tables are 

constructed in the HFD for all the years when cohort parity distribution can be observed for ages 15 

or younger through 45 or older. In Figure 3.5, the first observed cohort t0-15 reaches age 45 in the 

year t0+30. Beginning from this year, it is possible to compute the period fertility tables using parity 

distributions of women obtained by cumulating the cohort fertility as the population denominator. 

Accordingly, these tables are being computed for every year from t0+30 to T (region A in Figure 

3.5). 
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Figure 3.5. Lexis regions for the period fertility tables based on Lexis squares (year-age cells). 

 

 

In some cases, the region for the computation of the period fertility tables can be extended by 

using additional information taken from a population census. If the census takes place in the year 

tcens, then the period fertility tables can additionally be constructed for a region B in Figure 3.5. In 

order to obtain continuous series of census-based parity distributions covering the whole region B, 

the ‘baseline’ census parity distribution in the year tcens – also denoted as ‘golden census’ – is 

combined with age-specific fertility rates by birth order computed for all cohorts of reproductive age 

for tcens and for the subsequent years. Thus, even when available, the parity distribution data from the 

censuses following the ‘golden census’ are not used for updating the annual age-parity distributions 

of the female population. The series are reconstructed annually until the year when parity-specific 

exposures of respective cohorts can be obtained for all reproductive ages until 45 or older purely by 

cumulating annual series of cohort fertility rates by birth order (region A in Figure 3.5). Therefore, 

in Figure 3.5 there is a break in the time series in the year t0+30, from which the period fertility 
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tables are entirely based on parity- and age-specific population exposures constructed by cumulating 

fertility rates over long periods of time. 

The distributions of female population by age and parity provided by population censuses, 

population registers or large representative surveys are also used directly for the construction of 

period fertility tables. Imagine a hypothetical country with two censuses in years t1 and t2 and a 

population register functioning from the year tr on (Figure 3.6).  

 
Figure 3.6. Lexis regions for the census- or register-based period fertility tables based on Lexis 

squares (year-age cells). 

 
In such country, parity- and age-specific population exposures are available for the entire range of 

reproductive ages in the two census years and during the continuous time period lasting from the 

year tr to the year T. These are the years, for which the census- or register-based period fertility 

tables are being constructed. 

 4. Common adjustments to input data on births 

This section provides a description of methods for the data adjustment used for the 

production of the Lexis data classified by calendar years, single years of mothers’ age and of 

mother’s year of birth.  
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Four common adjustments to raw data are considered: 1) redistributing births with unknown 

age of the mother or unknown birth order; 2) splitting birth counts classified by Lexis squares into 

Lexis triangles; 3) splitting birth counts classified by 5-year age groups into single years of age; and 

4) splitting birth counts in open age intervals into single-year ages. All these adjustments are being 

applied separately to each birth order (including all birth orders combined).  

At the end of this section we provide a description of the iterative proportional fitting (IPF) 

algorithm which is used to assure that within each age group the sum by birth orders is equal to a 

fixed total and that within every birth order the sum by ages is equal to a fixed total. For example, if 

data are initially aggregated by 5-year age groups and one splits data into single-year ages for each 

birth order separately and independently from other birth orders, then IPF allows modifying age 

distributions of order-specific data to fit age-specific totals of all birth order. One should note that 

these calculations typically result in non-integer birth numbers for individual ages and Lexis 

triangles.     

All methods for splitting births are based on the piece-wise cubic Hermite interpolation11 of 

the cumulative fertility rate. The method for the splitting of aggregated age groups is a modification 

of the algorithm proposed by Dimiter Philipov and German Rodriguez. For simplicity of the 

description, all aggregated age groups are assumed to be based on rectangular Lexis shapes. 

Nevertheless, all formulae can be easily re-written for vertical parallelograms. 

The HFD data user should be aware that we do not introduce any adjustments in the birth 

data to correct possible errors due to age heaping.  

4.1 Distributing births with unknown parameters 

The first adjustment to raw data deals with distributing births with  mother’s age and/or birth 

order being unknown into specific age categories. These births are to be distributed proportionally 

across the age/birth order ranges. Such adjustment is based on an assumption that the probability of 

the mother’s age not being reported is independent on the mother’s age. 

Suppose that birth counts are available for individual Lexis triangles of the Lexis diagram 

but that age of the mother is unknown for certain number of births. Let  

),,( xttxB −  be the  number of lower-triangle births recorded among those aged 

                                                 
11 We used the R function interp1 with option “pchip” from the package “signal”. A detailed description of the Hermite 
interpolation can be found, for example, in Fritsch and Carlson (1980). 
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)1,[ +xx in year t ; 

)1,,( −− xttxB  be the  number of upper-triangle births recorded among those aged 

)1,[ +xx in year t ; 

)(tBUNK  =be the number of births with unknown age of the mother in year t ; 

)(tBTOT  =be the total number of births in year t that is equal to  

[ ] )()1,,(),,( tBxttxBxttxB UNK

x

+−−+−∑  . 

 

Then, the following set of equations redistributes births with unknown age of the mother 

proportionally across the upper and the lower Lexis triangles over the full range of ages: 
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for all ages x in year t. 

In the next Sections 4.2 to 4.4 all formulae are based on an assumption that births with 

unknown age of the mother have already been distributed proportionally, if needed, and the 

superscript “*” used in this section is suppressed for the sake of simplicity. 

If for some births the birth order was unknown, such births are to be distributed 

proportionally within the corresponding age group. For some births both age of the mother and birth 

order could be unknown. In such cases, we begin from the proportional distribution of births with 

unknown birth order within the respective age groups, followed by distributing of births with 

unknown age across the age groups according to (4.1) and (4.2). After the re-distribution of births 

with unknown age the IPF procedure should be applied for achieving the initial balance between 

totals (in respect to age) for specific birth orders and the known total for all birth orders combined. 

Note that these manipulations are being performed before splitting the raw birth counts into 

single-year ages and/or into Lexis triangles. However, the final result would not change if 

aggregated data were first split into finer age categories before the redistribution of unknown age.    
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4.2 Splitting births classified by one year age or cohort group into Lexis triangles 

Birth counts are often available only split by age group without the additional split by the 

mother’s year of birth. It implies that the birth data are given in Lexis squares and should be further 

split into Lexis triangles before further calculations can be made.  Following McNeil et al. (1977) 

and Wilmoth et al. (2005), the HFD splitting procedure is based on the interpolation of a cumulative 

fertility indicator, the cumulative fertility rate. Data for each birth order are treated separately and 

independently from other birth orders. The following formulae assume calendar year and birth order 

being fixed.    

Let F(x) be the cumulative fertility over all ages up to age x calculated using known age-specific 

births B(x) and population exposures E(x): 

∑∑
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Function F(x) is known for each age ],[ maxmin xxx ∈ . If )(ˆ xF , the continuous approximation of the 

discrete )(xF is also known, then the fertility rate for the upper Lexis triangle can be expressed as  
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Formula (4.4) uses the fact that the area of an elementary triangle is equal to 1/2. Similarly, for the 

lower triangle  
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The continuous cumulative birth rate )(ˆ xF  is estimated using an interpolation technique. First, we 

apply a logit transformation 
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At this stage two data points are lost because the logarithm at the extremes is not defined. In order to 

retain the information we set 20)( min −=xY  and 20)( max =xY , which is equivalent to assuming that 

the ratio )(/)()( maxxFxFxP =  differs from 0 or 1 at the extreme ages by less than 610−  

(corresponding to less than one birth in a population comparable by its size to that of the USA). 
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Using piecewise cubic Hermite interpolation we get a continuous approximation )(ˆ xY of )(xY . The 

continuous cumulative fertility function )(xF
)

is obtained via an inverse logit transformation of )(ˆ xY : 
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Thus, all components for a calculation of fertility rates by triangles in formulae (4.4) and 

(4.5) are defined. The numbers of births )(xBL

)
 and )(xBU

)
 in the lower and the upper Lexis 

triangles are calculated as follows: 
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where )(xEL
 and )(xEU

 are exposures to risk in the respective Lexis triangles and )(xf L
 and 

)(xfU  are defined in (4.4) and (4.5). The mid-point numerical integration with one thousand 

intervals is used for the computation of integrals in (4.4) and (4.5).  

It is clear that the sum of the estimated birth counts )(xBL

)
 and )(xBU

)
 is (in general) not 

exactly equal to the original birth count B(x). Thus, as a final step we make the following adjustment 
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This procedure returns birth data split by Lexis triangles for each birth order and 

(independently) for all birth orders combined. To reach the balance with respect to birth orders, the 

IPF is applied to data for all births orders combined used as the marginal age-specific totals over all 

birth orders.  

4.3 Splitting aggregated age groups into one year age groups 

Occasionally, the original birth counts are available in broader groups than single years of 

age. Usually one has to deal with 5-year age groups as well as with open-age intervals. For example, 

the age scale in a given year can include the following age groups   

<15,  15-19,  20-24,  25-29,  30-34,  35-39,  40-44,  45-49, and 50+ . 

In this example there are seven five-year age groups, and two open-ended age groups. Data 

may be available in different age groupings, for example the last closed age group can be 40-49; or 
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for some segments of the reproductive age span single-year data can be available as well, whereas 

for other segments age groups can be broader.  

Whenever at least one of the age groups of birth counts is wider than one year it is necessary 

to apply a procedure that disaggregates the data into single-year age groups.  

The splitting algorithm described below is very similar to the algorithm described in Section 

4.2.  

Assume there are no births at ages 11 and younger and also at ages 55 and older or 60 and 

older. Then open-ended age intervals are treated as age groups with fixed borders 12 and 55 (or 12 

and 60.  Thus it is possible to work with the following age scale instead of the original scale with the 

open-ended age groups: 

12-14,  15-19,  20-24,  25-29,  30-34,  35-39,  40-44,  45-49, and 50-54. 

In a more formal way, assume there are n age groups nixx ii ,...,0),,[ 1 =
+

, covering the age 

range ),[ maxmin xx . Then the cumulative fertility schedule is calculated as follows: 
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where );( 1+ii xxf  is the mean unconditional fertility rate over the age interval ),[ 1+ii xx , );( 1+ii xxB is 

the number of births, and );( 1+ii xxE  is is the female population exposure within the age interval 

nixx ii ,...,0),,[ 1 =
+

.  

For an elementary age interval [x, x+1), the fertility rate is estimated as 

∫
+

−+==

1

)(ˆ)1(ˆ)(ˆ)(
x

x

xFxFsFdxf ,         (4.12 ) 

where )(ˆ xF  is a continuous approximation of )(xF  estimated using the interpolation technique. 

The algorithm for interpolating )(xF is the same as in section 4.2 and consists of three steps. First, a 

logit transformation (4.6) is applied. Second, using piecewise cubic Hermite interpolation, a 

continuous approximation of the logit function is being obtained. Third, an inverse logit 

transformation (4.7) is used to feed )(ˆ xF  values into formula (4.12).  

Once the fertility rate f(x) has been calculated, the number of births in a one year age group 

can be estimated as 

)()()( xExfxB =
)

          (4.13) 
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The sum of the estimated births over the aggregated age interval is, in general, not exactly 

equal to the original number of births in this interval. To obtain the original aggregated birth number 

the following adjustment is made 

1
1
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=
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       (4.14) 

 

This procedure returns birth data by single age groups for each birth order (independently) as 

well as for all birth orders combined. To balance the data with respect to birth order, the IPF 

algorithm is applied.  

4.4 Iterative proportional fitting (IPF) 

In the previous sections, we showed that common adjustments to raw data often result in the 

adjusted age- and order-specific data cells that do not correspond exactly to the marginal totals. To 

assure the balance, the iterative proportional fitting (IPF) is applied. 

The IPF algorithm, known also as biproportional fitting in statistics or as RAS algorithm in 

economics and matrix raking or matrix scaling in computer science, is an iterative algorithm for re-

calculating the cell values in a contingency table in such a way that the row and column sums of the 

cells are becoming equal to the fixed row and column totals.  More details about the IPF technique 

can be found in Fienberg (1970) and Bishop et al. (1975). 

Let index k be an iteration number and 

)(xB k

i
 is the estimated (after k steps) number of births of birth order i at age x; 

)(xB  is a fixed number of births at age x (all birth orders combined);  

iB  is a fixed sum (over ages) of all births of birth order i. 

We begin (k=0) from the order-specific birth numbers obtained after applying the splitting 

procedures or after distributing births with unknown age of the mother and/or birth order 

).()(0 xBxB ii =            (4.15) 

For values of ,...4,2,0=k , the age- and order-specific birth estimates at steps k+1 and k+2  are 

computed as 
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For each k, the distance k
Λ  between the fixed marginal values is computed by summation of )(xB

k

i  

computed after each completed iteration (i.e. for ,...6,4,2=k )  
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Steps (4.16) to (4.17) are to be repeated until 610−
<Λ

k .  

 

5. Adjustments of census parity distributions 

5.1  Estimating age-parity distributions of women for the 1st of January of the census 

year 

Census and survey data usually pertain to a specific date during the year t, denoted T’. The 

distribution of women by age y (ARDY) and parity i as of January 1st of the year t, i.e., population 

weights wi(y,T
Jan1), have to be estimated from the set of the known census weights wi(y,T’)12 and 

from the unconditional fertility rates fi(y,t).  

In the case of population data, the standard HFD age scale is from age 12 to 55. If the census 

weights or weights from any other source cover a shorter age span – women aged 15 to 49, for 

example – we assume that women younger than 15 years old are childless (i.e., 1)',15(0 =<
=

Txwi  

and 0)',15(0 =<
>

Txwi ) and that after the age 49 the age-parity distribution of women is stable 

(i.e, )',49()',49( TxwTxw ii ==> .  

In case the census weights are given originally by age in completed years (ACY), they are 

first recalculated into the ARDY age:  

( ) ( ) ( ) ( )',',11', TxwZTxwZTyw iii ⋅+−⋅−=        (5.1) 

                                                 
12 Before generating the census weights, women with unknown age or unknown parity are redistributed across the 
known categories applying the same procedure as described in Section 4.1. 
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where Z is a fraction of the base year elapsing between the beginning of the year (January 1st) and 

the date of the census. For a non-leap year this means, Z = D / 365, where D represents the number 

of days between January 1st and the date of the census. For instance, if the census took place on May 

15th of a non-leap year, Z would be computed as Z = 134 / 365 = 0.367, where 134 is the number of 

days that elapsed from January 1st through May 15th. 

Assuming a linear distribution of births and birth rates, fi(y,t), over the census year t, the age-

parity weights are estimated by progressing backwards from the census date to the beginning of the 

year t: 

( ) ( ) ( ) ZtyfTywTyw ⋅+= ,,, 100         (5.2) 

( ) ( ) ( ) ( ) ZtyfZtyfTywTyw iiii ⋅+⋅−=
+

,,',, 1    for i=1, 2, 3;     (5.3) 

( ) ( ) ( ) ZtyfTywTyw ⋅−=
++

,,, 444         (5.4) 

 However, the fertility intensity is varying during the year t since fertility changes with age. 

We solve this problem by performing for each age y a local cubic spline interpolation13 across data 

points taken from the fertility schedule of cohorts observed during three consecutive years fi(y–1,t–

1), fi(y,t), fi(y+1,t+1) based on vertical parallelograms that are allocated in the middle of the 

corresponding age intervals y–0.5, y+0.5, y+1.5. 

In the next step, the value of the spline function at point T’=y+Z is deducted and labeled 

f’i(y,t). If the estimated fertility rates f’i(y,t) turn negative (which is possible at very young or very 

old reproductive ages where two data points are zeros and the third is a non-zero), these values are 

replaced by zero. The spline-based values ( )tyf i ,'  are to be replaced by values ( )tyf i ,'' :  

( ) ( )tyftyf ii ,, '''
=  if ( ) 0,'

≥tyf i
, and        (5.5) 

( ) 0,''
=Tyf i  if ( ) 0,'

<Tyf i .            (5.6) 

The procedure for estimating the age-parity distribution progressing backwards from the 

census date is: 

( ) ( ) ( ) ZtyfTywTyw ⋅+= ,',, ''
100         (5.7) 

( ) ( ) ( ) ( ) ZtyfZtyfTywTyw iiii ⋅+⋅−=
+

,,',, ''
1

'' , i=1, 2, 3     (5.8) 

( ) ( ) ( ) ZtyfTywTyw ⋅−=
++

,,, ''
444         (5.9) 

                                                 
13 For this purpose, the function spline(age,fx, …, method = "fmm") of  the statistical package R is used. 
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 If the estimated weights wi(y,T) turn negative for some age and parity groups, the age-parity 

distribution of the female population is restricted to be zero and adjusted distributions w’i(y,T) are 

computed: 

( ) ( )TywTyw ii ,,'
=  if ( ) 0, ≥Tywi

, and       (5.10) 

( ) 0,'
=Tywi  if ( ) 0, <Tywi          (5.11) 

Subsequently, the non-zero w’i(y,T) are redistributed to assure that their total equals one: 

( )
( )

( )∑
=

i

i

i
i

Tyw

Tyw
Tyw

,
,, '

'
''                      (5.12) 

5.2  Estimating the age-parity distribution from the base year forward 

 Once the age-parity distribution, wi(y,T), for T=January 1st of the census year t is obtained, 

the age-parity distribution on January 1 st of the year t+1 ( denoted T+1) is derived in the following 

way: 

w0(ymin) = 1 and wi(ymin) = 0 , where i=1,2,3, 4+ and ymin is a certain very young age at which all 

women are childless;14  

 
( ) ( ) ( )tyfTywTyw ,,1,1 100 −=++ ;              (5.13) 
( ) ( ) ( ) ( )tyftyfTywTyw iiii ,,,1,1 1+

−+=++ , for i=1, 2, 3     (5.14) 
( ) ( ) ( )tyfTywTyw ,,1,1 444 +=++

++
.       (5.15) 

 

Note that the rates f4(y,t) that are used to compute the distribution of women at the highest 

parity 4+ refer to birth order 4 (not to birth orders 4+).  

 In some instances, especially for higher birth orders at very young ages, the estimated 

relative age-parity distribution on January 1 of the year t+1 may turn negative. This may happen due 

to an understatement of births by very young women in the census data or because of the selective 

influence of migration, which was not accounted for in the estimation procedure. Therefore, we 

restrict the age-parity weights to be non-negative and by replacing wi(y,T) by w’i(y,T) we obtain 

( ) ( )TywTyw ii ,,'
=  if ( ) 0, ≥Tywi

, and       (5.16) 

( ) 0,'
=Tywi

 if ( ) 0, <Tywi
         (5.17) 

                                                 
14 ymin = 11 whenever data are available or any age between 11 and 15, depending on the youngest age for which the 
census parity weights are available ymin=yyoungest-1. 
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Then all the weights w’i(y,T) are further transformed to make sure that their total over i equals one: 
 

( )
( )

( )∑
=

i

i

i
i

Tyw

Tyw
Tyw

,
,, '

'
''            (5.18) 

 
 

6. Unconditional fertility rates and related summary indicators 

 All calculation procedures described in this section are based on birth data B(x,t,c) and 

population exposures E(x,t,c) by Lexis triangles that are available from the Lexis Database. For most 

of the countries, order-specific data on births Bi(x,t,c) are available as well, although frequently not 

for the whole period covered by the data for all birth orders combined. 

6.1  Calculation of female population exposure  

Female population exposure ),,( ctxE  is calculated for each Lexis triangle and then 

aggregated as necessary. The method of calculation used depends on the availability of monthly 

birth data for the cohort c . Since the duration of exposure to risk at age x  within a calendar year 

varies from one individual to another depending on their date of birth, if births are distributed evenly 

throughout the year then each individual will on average contribute an exposure of 0.5 years. Where 

the mean date of birth for a cohort, )(cb , measured in years from 1st January, is markedly different 

from 0.515, the standard estimate of exposure as one half the population on the vertical edge of the 

triangle is repeatedly affected for all the Lexis triangles for this cohort. 

For cohorts where the mean date of birth can be calculated, exposure is therefore calculated 

using Method 1, based on the method presented by Calot & Sardon (2003) assuming constancy of 

risk according to age within the triangle. The assumptions inherent in this method are detailed in 

Calot & Sardon (2003). For cohorts where no monthly birth data are available and the mean date of 

birth must therefore be assumed to be 0.5, a slight improvement in the exposure to risk estimation is 

obtained by using mortality data (i.e. adjustment of exposure due to deaths in the triangle) according 

to the method presented in the HMD methods protocol (Wilmoth et al, 2007). 

 

                                                 
15 A considerably higher concentration of birthdays in the early months of the year implies a value below 0.5 and, 
conversely, many birthdays in the last months of the year imply a value above 0.5 
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Method )1,,( −− xttxE  ),,( xttxE −  
1 )1(),( −−⋅ xtbtxP  ( ))(1)1,( xtbtxP −−⋅+  
2 

6
),,(

2
),( ctxDtxP

−  
6

),1,(
2

)1,( ctxDtxP −
+

+  

 
),,( ctxE  Female population exposure at age x  in year t  for cohort c 

),( txP  Population size at age x  on January 1 in year t  

),,( ctxD  Deaths at age x  in year t  for cohort c 

)(cb  Mean date of birth for cohort c  

 

Since in some cases series of monthly birth data are non-continuous (with breaks e.g. for war 

years), there may be multiple boundaries between the two methods for a single country. Figure 6.1 

shows an example where monthly birth data is available for the period 21 tt −  and from 3t  onwards: 

in this case, for all cohorts born before 1t  and from 32 tt − , Method 2 is used, whereas for those 

cohorts born from 21 tt −  and after 3t , Method 1 using )(cb  is used. For each country in the HFD, 

the availability of monthly births data is given in the country documentation, from which the method 

used for calculating exposure for any given triangle may be determined. 

Note that population exposure is calculated by triangles and then aggregated to 

parallelograms and rectangles as required. In rectangles along the boundary between regions 

calculated by different methods (highlighted in Figure 6.1), the exposure is therefore calculated 

using a mixture of the two methods. 
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Figure 6.1. Lexis map showing method used for calculating female population exposure where monthly 

births data is not continuously available 

 

6.2  Unconditional age-specific fertility rates  

 Age-specific fertility rates and indicators derived from them are the most commonly used 

measures of fertility that have been in use for about a century (Kuczynski, 1932).  

Unconditional age-specific fertility rates are obtained by dividing births occurring to women 

at age x in a given year t by person-years lived in that year by all women of this age, irrespective of 

their parity status.  

Having both birth counts and female population exposure split by Lexis triangles allows 

computing unconditional fertility rates for all Lexis shapes: Lexis squares, vertical parallelograms 

and horizontal parallelograms as follows:  

Unconditional age-specific fertility rate for year t, age x and birth order i (i=1, 2, 3, 4, 5+) for Lexis 

square: 

),(
)1,,(),,(

),(
txE

xttxBxttxB
txf ii

i

−−+−
= .       (6.1) 

Unconditional age- specific fertility rate for year t, birth cohort c, and birth order i (vertical 

parallelogram): 
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),(
),,(),,1(

),(
ctE

xttxBxttxB
ctf ii

i

−+−−
= .       (6.2) 

Unconditional age-specific fertility rate for cohort c, age x, and birth order i (horizontal 

parallelogram): 

),(
),1,(),,(

),(
cxE

xttxBxttxB
cxf ii

i

−++−
= .       (6.3) 

Equivalent rates can be computed for all birth orders combined by placing births of all birth 

orders in the numerators of formulae (6.1)–(6.3).  

6.3 Cumulative and total fertility rates 

 Cumulative fertility rates computed for birth cohorts refer to the average number of children 

born to a woman by a certain age. They are usually shown for all birth orders combined, but they 

can also be disaggregated by birth order. When computed from period fertility rates, cumulative 

fertility is a hypothetical construct that can be interpreted as the average number of children that 

would be born to a woman by age x if she experienced at all ages below x the set of age-specific 

fertility rates observed in a given year. 

In the HFD, cumulative fertility rates are calculated from unconditional age-specific fertility 

rates sorted by Lexis squares (period dimension) and horizontal parallelograms (cohort dimension):  

Cumulative period fertility rates by age x for all birth orders combined:  

∑
−

=

=
1

min

),(),(
x

xz

tzftxCPFR ,         (6.4a) 

cumulative period fertility rates for birth order  i  

∑
−

=

=
1

min

),(),(
x

xz

ii tzftxCPFR .         (6.4b) 

In formulae (6.5a) and (6.5b), xmin corresponds to age 12 or younger. If the upper age limit of the 

summation is equal or very close to the maximum reproductive age (i.e., it is 50 or higher), the 

cumulative fertility rate equals the Total Fertility Rate (TFR). 

Cumulative cohort fertility rate (CCFR) refers to the average number of children born by a 

woman from birth cohort c by age x and is computed by summing up the set of age-specific fertility 

rates of the cohort c observed over its reproductive life up to age x. CCFRs are calculated for all 

cohorts c that are observed from age xmin that is equal to 15 or younger.  

Cumulative cohort fertility rate by age x for all birth orders combined is 
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∑
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czfcxCCFR .         (6.5a) 

Cumulative cohort fertility rate by age x for birth order i is 

∑
−
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=
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),(),(
x

xz

ii czfcxCCFR .         (6.5b) 

The period Total Fertility Rate for all birth orders combined and by birth order is computed 

as follows: 

∑
=

=
max

min

),()(
x
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txftTFR ,           (6.6a) 

∑
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=
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),()(
x

xx

ii txftTFR .          (6.6b) 

 In formulae (6.6a) and (6.6b), xmin corresponds to 12 years or younger. The values of the 

TFR and TFRi is computed for age xmax=55+ years, i.e., for the age span covering all reproductive 

ages. The HFD also lists a parallel estimate, based on the sum of observed fertility rates by age 40, 

i.e, with xmax=39 years. This information is more useful for cohort fertility analysis, where the 

cumulated fertility rates of cohorts nearing the end of their reproductive period provide a valuable 

approximation of their future completed TFR.  

For birth cohorts, the corresponding quantities represent completed Cohort Total Fertility 

Rate (CTFR). The completed cohort TFR for all birth orders combined and by birth order is 

computed as follows: 

∑
=

=
max

min

),()(
x

xx

cxfcCTFR ,          (6.7a) 

∑
=

=
max

min

),()(
x

xx

ii cxfcCTFR          (6.7b) 

 CTFRs are calculated for all cohorts c that are observed from age xmin that is equal to 15 

years or younger until age 40 or older age. Again, two types of CTFRs are shown. The first one 

represents completed CTFR at age 50 or older (xmax=49+ years), whereas the second one shows the 

CTFR (or, more correctly, cumulated cohort fertility) by age 40 (with xmax=39 years) and represents 

thus an incomplete approximation of the future cohort CTFR. 
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6.4  Mean ages at birth 

 Mean age at birth (MAB) refers to the average age of the mother at childbearing standardized 

for the age structure of the female population of reproductive age. It is based on the schedule of 

unconditional age-specific fertility rates.  

The period mean ages at birth for all birth orders combined and by birth order are:  
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=
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In formulae (6.8a) and (6.8b), xmin and xmax are exactly the same as those in formulae (6.6a) 

and (6.6b).  

The cohort mean ages at birth for all birth orders combined and by birth order are:  
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CMABs in formulae (6.10a) and (6.10b) are computed for exactly the same cohorts and over the 

same ranges of ages as those in formulae (6.7a) and (6.7b). 

Value x in formulae (6.8a), (6.8b), (6.9a) and (6.9b) is the mean age at birth within the 

elementary age interval [x, x+1):  

)(xaxx +=  ,           (6.10) 

where a(x) is the average share of the age interval [x,x+1) lived before giving birth to a child. We 

assume that all a(x) values are equal to 0.5 for any completed age x and birth order i (for data 

organized by Lexis squares and horizontal parallelograms) and 0 for any age x reached during the 

year and birth order i (for data organized by vertical parallelograms). 
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6.5  Cohort parity progression ratios 

 Childbearing behavior can be analyzed not only following a woman’s movement along the 

age scale but also following her progression to higher parities. The most common summary 

measures describing the movement from one parity to the next one are parity progression ratios 

(PPRs). Parity progression ratio expresses the probability of giving birth to another child (i+1), 

conditional on reaching parity i. In the HFD, in the same way as for the other summary indicators of 

cohort fertility, parity progression ratios are displayed for the cohorts that completed 49 years of 

age. 

)()( 11,0 cCTFRcPPR =          (6.11a) 

)(
)(

)(
1

,1
cCTFR

cCTFR
cPPR

i

i

ii

−

−
= , for i>1        (6.11b) 

Note that the highest parity-progression ratio computed in the HFD pertains to the 

progression from third to the fourth birth (PPR3,4) as the data for the highest birth order category 

included in the HFD lump together all fifth and subsequent births do not allow separating fifth births 

as a special category. 

7. Cohort fertility tables 

Cohort fertility tables are increment-decrement life tables which model the process of 

childbearing in female birth cohorts. In the HFD, they describe a two-dimensional cohort 

progression of women toward older age and higher parities. Women in each cohort of interest are 

moving from parity zero to parity one and to subsequent parities by giving births to children of the 

corresponding birth orders as they age. The distribution of births by age of the mother and birth 

order in the cohort fertility table corresponds to the observed fertility trajectories of real cohorts. 

The cohort fertility tables are constructed only if sufficiently long time series of data on 

fertility by birth order are available (Figure 3.4). These data should allow observing female cohorts 

from the beginning of their reproductive age (age 15 or younger) until age 25 or an older age.  

7.1  Construction of the cohort table 

For each cohort c, all the functions of the cohort fertility table are computed from the 

schedule of unconditional age-specific fertility rates by birth order fi(x,c) that are computed 

according to (6.3).  
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The following functions (columns) of the cohort life tables are computed and displayed in 

the HFD: x, bi(x), li-1(x), qi(x), mi(x), Sbi(x), chi(x) (see also Appendix 1). 

Working with a table population of 10,000 women, table births by birth order are computed 

for each age x: 

),(000,10)( cxfxb ii ⋅=                     (7.1) 

This formula considers birth as a repeatable event. This implies that total number of 

individuals in the life table, which is 10,000 in the HFD, remains the same at any age. The 

individuals, however, move towards higher parities, in line with a given schedule of unconditional 

rates by birth order. 

At any age x, the life table cohort of the size 10,000 is divided into parity-specific sub-

cohorts, li(x). The cohort progresses over ages and parities, starting from the initial childless status at 

the minimum age at childbearing xmin, as follows:   

000,10)( min0 =xl  (radix of the cohort)                  (7.2) 
0)( min =xli

, for i = 1, 2, 3, 4                   (7.3) 
)1()1()( 1 −−−=

+
xbxlxl iii

, for i = 0                  (7.4) 

)1()1()1()( 1 −−−+−=
+

xbxbxlxl iiii
, for i = 1, 2, 3                (7.5) 

)1()1()( −+−=
++

xbxlxl iii
, for i = 4  (i+ stands for women at parities i and higher) (7.6) 

Life table age- and parity-specific fertility rates (conditional rates, occurrence-exposure 

rates) for women aged x and at parity i are obtained by relating births of the order i at age x to 

person-years lived at this age at parity i–1:  
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i
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, for i = 1                  (7.7) 
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i
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= , for i = 2, 3, 4               (7.8) 

)())(1()(
)(

)(
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−−
⋅−+

= , for i = 5+                  (7.9) 

Conditional probability of giving an i-th birth at age x for a woman of parity i-1 is expressed: 

)(
)()(

1 xl

xb
xq

i

i
i

−

=  , i=1, 2, 3, 4, 5+                  (7.10) 

Cumulative births by age x and birth order i can be simply computed by summing up table 

births of order i at all ages through x-1: 
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Average number of children born by a woman in the highest parity category 4+ by the time 

she reaches age x: 
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At very young ages, number of births observed at higher birth orders in a population is very 

low and strongly fluctuating. This may lead to negative values of li-1(x) or to qi(x) exceeding 1. In 

such cases, we do the following adjustments in the computed values for li-1(x), bi(x), qi(x), and mi(x): 

If 0)(1 <
−

xli  then 0)(1 =
−

xli          (7.13) 

If 0)(1 =
−

xli  then 0)( =xbi , .)( =xmi , .)( =xqi

16      (7.14) 

If )()(1 xbxl ii <
−

 then )()( 1 xlxb ii −
= , .)( =xmi , .)( =xqi      (7.15) 

 

8. Period fertility tables 
In analogy to cohort fertility tables, period fertility tables used in the HFD are increment-

decrement life tables, which model the process of childbearing in hypothetical (synthetic) cohorts of 

women specified by age and parity. The period fertility tables describe childbearing histories of 

synthetic cohorts of women that would live their whole life under fertility conditions of a given year 

t, assuming the absence of mortality and migration. They are built using a multi-state life table 

method, where states are defined by current parity. The basic parameters, from which all other 

estimates are derived, are conditional age- and order-specific fertility rates and probabilities. 

Period fertility tables controlling for age and the parity composition of the female population 

of reproductive ages provide a rich set of indicators that enable a thorough analysis of fertility level 

and timing. So far the period fertility tables have not been widely used, in part due to limited data 

availability. There are many analogies to the commonly used mortality tables, but differently from 

them the main function of fertility tables is not the analysis of the timing of births (an analogy to life 

                                                 
16 Dots provided for qi(x) and mi(x) show that the values in these cells are implausible. 
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expectancy would be a waiting time to the birth of the next child), but the levels and trends of 

fertility across different ages and parity categories.  

8.1  Parity-specific population exposure 

Annual time series of female population exposure by age and parity, necessary for 

computing conditional fertility rates mi(x) and the period fertility tables, are obtained from the input 

data on female population exposures E(x,t) and the mid-year estimates of the age- and parity-

specific distribution of women wi(x,t): 

),(),(),( 11 txEtxwtxE ii ⋅=
−−

         (8.1) 

Depending on data availability, different approaches are used for obtaining the estimates of 

wi(x,t). They can be defined by the following hierarchy: 

8.1.1  Cumulating cohort fertility rates over long periods of time 

For countries that have a sufficiently long time series of period data on births by age of the 

mother and birth order, annual estimates of the age-parity distribution wi-1(x) are reconstructed from 

these data by cumulating fertility of cohorts over their reproductive age span: 

1),( min =txwi , for i = 0         (8.2) 
0),( min =txwi , for i = 1, 2, 3, 4+        (8.3) 

),(2
)1,1(),(

),(
minmin0 xtxl

xtxlxtxl
txw ii

i
−⋅

−−++−
= , for xmin <x < xmax  

(note that l0(xmin, t – xmin) is the radix and equals 10,000)     (8.4) 

),(
),(

),(
minmin0

max
xtxl

xtxl
txw i

i
−

−
=  

(note that l0(xmin, t – xmin) is the radix and equals 10,000) (8.5) 
where )(xli  is the table cohort size specific for age and parity, derived from the cohort fertility 

tables (see Figure 8.1). In order to ensure that the sum of the weights obtained in formulae (8.1)–

(8.5) is equal to one in each age category, the values of weights are adjusted analogously to formula 

(5.18).  

Having the age-parity distribution wi(x) estimated by this approach, the period fertility tables 

can be built beginning from the year when the first cohort observed from the minimum age reaches 

the age 45. As shown in Figure 3.5, it covers the Lexis region A and extends over the period t0+30 to 

T. 
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x +1

x +2

x

t t +1

l i (x ,t -x )

l i (x +1,t -x -1)

 
Figure 8.1. Estimation of wi(x) using the life table cohort size by age and parity, li(x) from the 

cohort fertility tables 

8.1.2  Use of a “golden” census 

For countries where age- and order-specific data on births are available for a short period 

only, population census or population register data (called the “golden” census thereafter) are used 

to derive the initial age-parity distribution (for one starting year, the ‘base year’), which is then 

annually updated by cumulating fertility of cohorts over their childbearing ages, as described in 

Section 8.1.1. In exceptional cases, when no other method for deriving the initial age-parity 

distribution can be employed, survey data can be considered. Such a survey must cover a large and 

representative sample of at least 1% of the female population of reproductive age. Use of a “golden” 

census often enables to construct the period fertility tables for an extended period of time prior to the 

year when the age-parity distribution for women aged 45 or older can be constructed entirely from 

the time series of cohort fertility rates by age and birth order. 

The choice of the data to be used as the “golden” census is based on several considerations, 

which are not clear-cut. It involves the country expert’s advice and depends both on the length of 

time series of available order-specific data in the country as well as on the quality and reliability of 

data of the potential “golden” census. 

The calculation of the census-based age-parity distribution involves cohorts born in the years 

tcens-xmax through tcens-12 (Figure 3.5). For these cohorts, the cohort fertility tables (not featured in 

the HFD) are left-censored and start from certain non-null values of li(x) that are computed using the 

census weights wi(x, tcens-x): 

),(000,10),( xtxwxtxl censicensi −⋅=− ,       (8.6) 



Methods Protocol for the HFD 

 46 

where 10,000 is the radix of the cohort born in the year tcens-x. The census weights wi(x, tcens-x) are 

calculated as (see also Figure 8.2): 

2
)]1[,(),1(

),(
11 Jan

censi

Jan

censi
censi

txwtxw
xtxw

++−
=− .      (8.7) 

The values of li(x) are estimated for all cohorts of reproductive age (observable in the Lexis 

region B in Figure 3.5), and the mid-year age-parity distribution wi(x) is computed as expressed in 

formulae (8.2)–(8.5) and shown in Figure 8.1. Based on these wi(x) estimates, combining census-

based values with the subsequent cohort fertility time series, the female age and parity-specific 

exposure in period fertility tables is computed for the year tcens and the subsequent years. Starting 

from the first year when the age-parity distribution can be obtained and updated for all the 

subsequent years for women aged 45 or older purely by cumulating cohort population exposures 

(year t0+30 and region A in Figure 3.5), the age-parity distribution is obtained and updated using 

these cumulated cohort fertility series as described in Section 8.1. This introduces a one-time series 

break in fertility tables and also temporarily reduces the range of high reproductive ages covered by 

the tables as ages 46-55 are excluded until the year when the cohort parity distribution can also be 

estimated for these women (see Figure 3.5). 

 

x +1

x -1
t cens

t cens +1

x

w i (x -1,t cens )

w i (x ,t cens +1)

 
Figure 8.2. Estimation of the census weights used to produce the left-censored cohort fertility 

tables 

 

It is important to note that the census or register data usually pertain to a specific date in a 

given year, while many HFD computations, including the application of the ‘golden census method’, 

are based on the age-parity distribution of women at the beginning of the year (e.g., Formula 8.7). 
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The procedures for reconstructing the data for the age-parity distribution on January 1st of the census 

year and of the subsequent year are described in Sections 5.1 and 5.2 of this document. 

 

8.1.3  Direct use of census or register data  

Finally, for countries where census or high-quality population register data on the parity 

distribution of women by age exist, census- or register-based fertility tables can be constructed for 

the years covered by these data. These ‘alternative’ fertility tables are featured in the HFD alongside 

the ‘main’ set of fertility tables described above. The computation procedure of the mid-year value 

of wi(x) in each census or register year is identical to that applied in the case of the “golden” census, 

described in Section 8.1.2. Note that for the register-based tables, differently from the census-based 

tables, we do not usually need to compute the age-parity weights for 1st January of the subsequent 

year, because annual series of these data are readily available17. The computation can be performed, 

however, for the last calendar year in the series, when the data on births in this year are available 

and when the age-parity distribution of women is available only for 1st January. In this case, 

preliminary estimates of wi(x) are computed for 1st January of the subsequent year following the 

procedure described in Section 5.2.  

 

8.2  Conditional age-specific fertility rates 

Conditional rates are obtained by dividing the number of ith births to women at age x in a 

year t by person-years lived by women aged x and at parity i-1, and thus exposed to risk of having 

an ith birth in the year t: 

 

),(
),(

),(
),,()1,,(

),(
11 txE

txB

txE

xttxBxttxB
txm

i

i

i

ii

i

−−

=
−+−−

=      (8.8) 

 
To eliminate huge fluctuations in mi(x) at lowest- and highest-childbearing ages, attributable 

to very low observed numbers of births, these rates are computed in the HFD only for age and parity 

combinations where Ei-1(x)≥5, mi(x)<1 and qi(x)<1; otherwise, the values of Ei-1(x) are replaced by 

zero and the values of qi(x) and mi(x) are presented by dots (implausible data) in the fertility tables. 

                                                 
17 Register data on women by age and parity can also refer to the 31st of December. Such data are treated as pertaining to 
the 1st of January of the subsequent year. 
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From a theoretical perspective, conditional rates (rates of the first type, occurrence-exposure 

rates) are preferred to unconditional rates because they meet the principle of correspondence 

between the nominator and the denominator. Specifically, only women who are de-facto at-risk of 

having an i-th birth (i.e., those at parity i-1), are included in the denominator when fertility rates for 

birth order i are computed (this assumption ignores multiple births). This gives conditional period 

fertility rates mi(x) advantage over the unconditional rates fi(x) that may be distorted by 

compositional effects due to the changing parity structure of the female population. 

8.3 Construction of the period table 

Conditional fertility rates, mi(x,t), which are further converted into probabilities, qi(x,t), serve 

as the major input for the construction of the period fertility tables. This approach was selected for 

the HFD because it allows at least partly to account for the effects of mortality and migration on 

population exposure Ei-1(x,t) over the year (period) t. 

Functions (columns) of the period life tables computed and displayed in the HFD are as 

follows: x, wi-1(x), mi(x), qi(x), li-1(x), bi(x), Li-1(x), Sbi(x) (see also Appendix 1). These functions are 

analogous to those in the cohort life table, described in Section 7. They are computed by using the 

following sequence of formulae: 

)()](1[1
)(

)(
xmxa

xm
xq

i

i

i
⋅−+

=          (8.9) 

000,10)( min0 =xl  (the radix)          (8.10) 

0)( min =xli , for i = 1, 2, 3, 4         (8.11) 

)]1(1[)1()( 1 −−⋅−=
+

xqxlxl iii , for i = 0       (8.12) 

)1()1()1()1()( 11 −⋅−+−−−=
−+

xmxLxbxlxl iiiii
, for i = 1, 2, 3    (8.13) 

)1()1()1()( 1 −⋅−+−=
−++

xmxLxlxl iiii ,  

for i = 4 (recall that i+ stands for women at parities i and higher)  (8.14) 

 

)()()( 1 xmxLxb iii ⋅=
−

          (8.15) 

)](1[)()()()( 1 xaxqxlxlxL iiii −⋅⋅−=
+

, for i = 0       (8.16) 

)](1[)()()](1[)()()()( 11 xaxqxlxaxqxlxlxL iiiiii −⋅⋅−−⋅⋅+=
+−

, for i = 1, 2, 3  (8.17) 

)](1[)()()()( 1 xaxqxlxlxL iiii −⋅⋅+=
−++

, for i = 4       (8.18) 
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∑
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=

=
1

min

)()(
x

xz

ii zbxSb , i=1, 2, 3, 4, 5+         (8.19) 

Recall that a(x) is the average share of the age interval [x,x+1) lived before giving birth to a 

child. We assume that all a(x) values are equal to 0.5 for any age x and birth order i.   

 

8.4  Summary indicators based on the period fertility table 

On the basis of period fertility tables, the following summary indicators are computed in the 

HFD: The summary index of period fertility controlling for age and parity (termed PATFR by Rallu 

and Toulemon (1994)) and its parity-specific components (PATFRi ); table mean ages at birth 

(TMAB) and table mean ages at birth by birth order (TMABi). Formulae (8.20a), (8.20b), (8.21a) and 

(8.21b) define their computation. 

Summary index of period fertility controlling for age and parity for all birth orders combined: 

000,10
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PATFR           (8.20a) 

Summary index of period fertility controlling for age and parity by birth order: 
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Table mean age at birth for all birth orders combined: 

∑
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Table mean ages at birth by birth order: 
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PATFRs and TMABs are calculated for the period cohorts that are observed from age xmin=12 

until xmax that ranges from 44 to 54 in the incomplete period fertility tables and equals 55+ in the 

complete fertility tables (see Figure 3.5 for Lexis regions covered in the period fertility tables). 

Values x  in formulae (8.21a) and (8.20b) are the mean ages at birth within age intervals [x, 

x+1). We assume that within each such age interval the mean age can be approximated as x + 0.5.   
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Appendix 1. Notations 
 
 General 
x  Age at childbearing 

minx  Lowest age at childbearing considered in the analysis 

maxx  Highest age at childbearing considered in the analysis 
t  Calendar year 
c  Cohort 
i  Parity and birth order 

maxi  Highest parity (birth order) used in the analysis 
  
 Empirical data 

),,( ctxB , ),,( ctxBi
 Number of live births (all birth orders combined and by birth order): 

 ),( txB , ),,( otxB ; ),( txBi
, ),,( otxBi

 – for rectangular (age, year) 

 ),( ctB , ),,( ctB o ; ),( ctBi
, ),,( ctBi o – for vertical parallelogram (year, cohort) 

 ),( cxB , ),,( cxB o ; ),( cxBi
, ),,( cxBi o  – for horizontal parallelogram (age, 

cohort) 
),( txP  Female population size on January 1 

),,( ctxE  Female population exposure: 
 ),( txE , ),,( otxE  – for rectangular 
 ),( ctE , ),,( ctE o  – for vertical parallelogram 
 ),( cxE , ),,( cxE o  – for horizontal parallelogram 

),,( ctxf , ),,( ctxf i  Unconditional age-specific fertility rates (all birth orders combined and by birth 
order): 

 ),( txf , ),,( otxf ; ),( txf i , ),,( otxf i  – for rectangular 

 ),( ctf , ),,( ctf o ; ),( ctf i , ),,( ctf i o  – for vertical parallelogram 

 ),( cxf , ),,( cxf o ; ),( cxf i , ),,( cxf i o  – for horizontal parallelogram 
 Fertility table 

)(xwi
 Relative distribution of female population exposure by parity (population 

weights): 1)( =∑
i

i xw  

)(xEi
 Female population exposure by parity: )()()( xExwxE ii ⋅=  

)(xmi
 Conditional age-specific fertility rates in age interval [x, x+1)  

)(xqi
 Probability of having an ith birth in age interval [x, x+1) 

)(xli
 Table population of parity i at age x  

)(xbi
 Table number of births of order i in age interval [x, x+1)  

)(xLi
 Table population exposure of women of parity i within age interval [x, x+1) 
)(xchi  Average number of children by exact age x in the highest parity category imax+ 
)(xSbi  Cumulative (in respect to age) births of order i by exact age x 

)(xai  
Mean duration (time) spent at parity i within age interval [x, x+1) by women 
progressing to parity i during this age interval 
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 Summary measures 

TFR , iTFR  
Period total fertility rate based on unconditional age-specific fertility rates for all 
birth orders combined f(x) and by birth order fi(x) 

MAB , iMAB  Period mean age at birth based on unconditional age-specific fertility rates for all 
birth orders combined f(x) and by birth order fi(x) 

CPFR , iCPFR  Cumulative period fertility rate for all birth orders combined and by birth order by 
exact age x 

CTFR , iCTFR  Cohort total fertility rate for all birth orders combined and by birth order 
CMAB , iCMAB  Cohort mean age at birth for all birth orders combined and by birth order 

CCFR , iCCFR  Cumulative cohort fertility rate for all birth orders combined and by birth order by 
exact age x 

iiPPR ,1−
 

Cohort parity progression ratios (lifetime probability of transition from parity i-1 
to parity i) 

PATFR , iPATFR  

Period fertility index for all birth orders combined and by birth order based on the 
table number of births. Rallu and Toulemon (1994) call it “the summary index of 
fertility controlling for age and parity”. It is an alternative indicator to the period 
total fertility rate. 

TMAB , 
iTMAB  

Table mean age at birth for all birth orders combined and by birth order based on 
the age distribution of the table number of births 
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Appendix 2. HFD country page: input and output data files and 
their contents 
 
1

st
 data block: Birth counts, population exposure, rates, and summary indicators 

 
Type of data Name of file 

 All birth orders By birth order 
Data by Lexis triangles (year, age, cohort):   
Births XXXbirthsTR.txt XXXbirthsTRbo.txt 
Female population exposure XXXexposTR.txt  
Data by Lexis squares (year, age):   
Births XXXbirthsRR.txt XXXbirthsRRbo.txt 
Female population exposure XXXexposRR.txt  
Age-specific fertility rates XXXasfrRR.txt XXXasfrRRbo.txt 
Mean ages at birth (total and by age 40) XXXmabRR.txt XXXmabRRbo.txt 
Total fertility rates (total and by age 40) XXXtfrRR.txt XXXtfrRRbo.txt 
Cumulative fertility rates XXXcpfrRR.txt XXXcpfrRRbo.txt 
Data by vertical parallelogram (year, cohort):   
Births XXXbirthsVV.txt XXXbirthsVVbo.txt 
Female population exposure XXXexposVV.txt  
Age-specific fertility rates XXXasfrVV.txt XXXasfrVVbo.txt 
Data by horizontal parallelogram (cohort, 
age): 

  

Births XXXbirthsVH.txt XXXbirthsVHbo.txt 
Female population exposure XXXexposVH.txt  
Age-specific fertility rates XXXasfrVH.txt XXXasfrVHbo.txt 
Mean ages at birth (total and by age 40) XXXmabVH.txt XXXmabVHbo.txt 
Total fertility rates (total and by age 40) XXXtfrVH.txt XXXtfrVHbo.txt 
Cumulative fertility rates XXXccfrVH.txt XXXccfrVHbo.txt 
Parity progression ratios  XXXpprVHbo.txt 
 
2

nd
 data block: Fertility tables and summary indicators 

 
Type of data Name of file 

 Cohort Period Census or register based 
Fertility tables XXXcft.txt XXXpft.txt XXXpftc.txt 
Exposure to risk (by parity)  XXXexposRRpa.txt XXXexposRRpac.txt 
Conditional fertility rates  XXXmi.txt XXXmic.txt 
Table mean ages at birth  XXXpmab.txt XXXpmabc.txt 
Summary index of period 
fertility 

 XXXpatfr.txt XXXpatfrc.txt 
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3
rd

 data block: Input data 

 
Type of data Name of file 

Births XXXbirths.txt 
Births by month XXXmonthly.txt 
Age-parity specific 
distribution of women 

XXXparity.txt 

Population size and deaths Link to the HMD country page; XXXdeath.txt and XXX.pop.txt 
for countries not in the HMD 

Notes XXXnote.pdf 
References XXXref.pdf 
 
 


